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ABSTRACT

In this study, the comparison of McGinley’s and O’Briens variational optimiza-
tion scheme is discussed. A generalized variational formulation is defined to
include both schemes, and the Fourier analysis is utilized to analyze its results.
The conclusions show that if the error variance of the velocity field is propor-
tional to that of the divergence field, two schemes are exactly the same, or, the

differences of their responses depend on the functions of error variance,

1. Introduction

A current important problem in meteorology
is the estimation of the distribution of vertical
velocity in the atmosphere. Because the routine
observation of vertical velocity is not available,
it is commonly computed from the horizontal
wind velocity, the pressure, or the temperature
distribution utilizing the continuity equation
(the kinematic method), the emega equation, or
the adiabatic equation, respectively. Although
each method has its meaning, kinematic method
seems worthist to mention because the hydro-
static assumption is a good approximation for
the atmospheric motion in many situations.
However, errors in the wind observations often
tend to accumulate during the vertical integra-
tion that there is little confidence in the use
of the computed vertical velocity without
considerable corrections,

The errors which appear in the computed
vertical velocity field can be classified as
“systematic errors” and “random errors”. The
systematic errors occur primarily because of
inconsistencies between the cbserved field and
the dynamical model considered. The random
errors may be introduced because of inaccuracies

of measurements, spatial irregularity of obser-
vation points, and by interpolation of values
from stations to grid points. In the past years,
many methods have been proposed to correct
those errors. One of those sophisticated methods
is Sasaki’s variational optimization approach.
This method provides an important advantage
by incorporating dynamic, kinematic, statistical
and other conditions in data management.
Consequently, systematic errors as well as
random errors can be suppressed such that the
optimized data are consistent with the dynamical
model considered. For these purposes, McGinley
(1973) and O’Brien (1970) developed two indi-
vidual schemes according to the Sasaki’s
approach. Each scheme has its mathematical
and physical basis and is succeeded in its appli-
cations. However, it is believed that the
theoretical comparison of two schemes is
essentially important for selecting a better one.
In these study, a generalized variational for-
mulation is defined to include both schemes,
and the Fourier analysis is performed to analyze
its results and those of the McGinley’s and the
O’Brien’s scheme.
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2. Generalized Variational Formulation

The generalized functional is defined as

I=fff{a | V=V |24 B(D—Dyydxdydp, (1)

byx
and the strong constrant is
l0)
~0p—+V~V=O, (2)

where V and V are observed and optimized

wind, respectively, « and (3 are specified para-
meters and are functions of p, and

DEV'V:
DEV'V = ’g;) B
and
0 0
V=05 oy )

It is obvious that (1) reduces to the McGinley’s
or the O’Brien’s formulation as 3 or e« is equal
to zero, respectively. Indeed, the original
McGinley’s scheme is the case as « is equal
to 1. However, we will refer the case of 8

equal to zero as McGinley’s scheme even if «
is arbitrary.

After setting the variation of the functional
I to be zero, we obtain the associated Euler-
Lagrange equations:

a(V—¥)=BV(D-D)+V2, (3)
=0, (4)

where A is the Lagrange multiplier. Eq. (4)
implies that 4 is a function of x and y alone.
Let us define the correction divergence, D*, as

D*=D—D, (5)

and take divergence operator on (3), then, we
obtain:

V22 = (a— BV2)D* (6)
The integration of (2) and the substitution of
(5) into the result equation leads to

- »
w,—,=,*Drdp, (7)
t
where
pS
wl=ws+jvp de
¢
-~ o~ Py~
w; =ws+J;t de;
ps and p; are pressures at the surface and at
the top of atmosphere, respectively, and w; is

2 ®omm

assumed to be equal to @,.

Now, we will assume D* to be a separable
form in x, y and p, i.e.,

D* = A(x, y)B(p). (8)
Then, the substitution of (8) into (7) leads to

A=(w,—a~),)/B, (9)
where

- b
O=f"Ca.
!
Since A is independent of p, the Fourier trans-
formation in x and y of (6) implies

~HOH ¢,
<
or
B— — Ck?s, (10)

where C is a constant, k? is the sum of the
square of the wave numbers in x and y direc-
tions, ¢ is the error variance and is defined as

1
= wi B
The integration of (10) leads to
B
C= =g (11)
and the substitution of (11) into (10) leads to
oB
B=—7(_; (12)

Therefore, from (8), (9) and (12), we have
D* =0 (0—@), (13)

and the optimized vertical velocity and diver-
gence are

D=D+7 (0,~5), (14)
(5, (00— ZUI) b
O=0= ) Ddp p L[ adp.  (15)

3. Special Cases

a. If @ is equal to zero, ¢/d is reduced to
o 1 /(? dp
— -/ :
o =8/ 8" (16)

Furthermore, if 1/B is assumed to be a linear
function of p, (16) and (14) become

o 2(ps—p)
DA, Wy 4 17
a pi—p} (7
and
~ 2Ap— -
DD+ -2P=P) (5, (18)

s !

e il



)

- W

May 1977

It is obvious that (17) and (18) is equivalent to
the O’Brien’s scheme.
b. If B is equal to zero, « is equal to 1,
and o, is assumed to be zero, d/g is
reduced to

o 1

¢ Ps—p’
and Eq. (14) and (6) become

‘;’)t .
Ds—D: ’
Vim0

Ps—D:
Eq. (19) shows that this case is equivalent to
the McGinley’s scheme.

c¢. If « is proportional to p, i.e.,

D—D= (19)

a=TB’
then,
d 1 1
0T gl T
B n

Eq. (20) shows that the McGinley’s and the
O’Brien’s formulation are essentially the same
if the error variance of the velocity field is
proportional to that of the divergence field.

4. Conclusion

The above discussions show that the
McGinley’s and the O’Brien’s variational opti-
mization scheme are the special cases of the
generalized variational formulation defined in
(1). It is also shown that if the error variance
of the velocity field is proportional to that of
the divergence field, i.e. axfB, McGinley’s
scheme is exactly the same as O’Brien’s scheme.

If @ and B are independent, the generalized
variational formulation shows a significant
characteristics. The correction divergence, D*,
depends on wave number, k, as well as the
error variances corresponding to « and 3. If
we nondimensionalize the formulus utilizing,
say, 1000 km, 10 m/sec, 10=®sec™?, p, and 1 ub/
sec as the length, velocity, divergence, pressure
and vertical velocity scales, respectively, (14)
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becomes
D =D+ Z:A(w;—&):), 1)
where
%—= a’+}?’p’2 //LZ a! ff?l'k’” > (@)

and ( )/ denotes the nondimensional variables.
Because the errors in divergence field are
several times larger than those in velocity field,
«! should be the quare of this times larger
than /. If we assume that «/ and P’ are
proportional to (p/)™™ and (p/)™*, respectively,
i.e.,

o' =a(1—ply™,
and

B=b(1—p')™,
Eq. (22) becomes

o 1 /
o (1= py (1= Py K |

! dp’
Srati=py= s ba=prymn @9

As the wave number varies from zero to infinite,
o! /a! varies from (m+ 1)(1—p’)" to (n+1)(1—p')*
as p; is zero. Therefore, if n is larger than m,
the correction of divergence of short waves is
larger than that of long waves at higher levels
and is smaller at lower levels. And, if n is
equal to m, the correction divergence is inde-
pendent of wave number. Furthermore, since
o'/d! is of the order of 1, the nondimensional
correction divergence is zero at surface, is of
the order 1 at the top of atmosphere, and is
between these two values at any particular
altitude depending on the functions of error
variance.
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